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radius; 

NOMENCLATURE 

constant pressure specific heat; 
average heat-transfer coefficient, r~“/(ii;w - Tb); 
fluid thermal conductivity; 
Nusselt number. h(2a)/k ; 
pressure; 
rate of heat transfer per unit area; 
dimensional cylindrical coordinates; 
dimensionless cylindrical coordinates; 
local fluid temperature; 
local mixed-mean fluid temperature; 
average wall temperature for Case 1; 
average for Case 2 considers only circular part 
of tube; 
average axial velocity; 
viscosity; 
density. 

INTRODUCTION 

LAMINAR flow heat transfer in ducts of various shapes has 
been catalogued by Shah and London [l] for different 
kinds of thermal boundary conditions. The thermally and 
hydrodynamically fully developed flow in semi-circular tubes 
has been considered by Eckert et al. [2] and Sparrow and 
Haji-Sheikh [3]. Published entrance region solutions, ob- 
tained by use of highly sophisticated mathematical and 
numerical techniques, are generally concerned with circular 
tubes, rectangular ducts, or parallel plates. However, the 
thermally developing flow region in semi-circular tubes does 
not appear to have been described in the literature. This 
solution is required for interpretation of analytical [4,5] 
and experimental [6] results for heat transfer in circular 
tubes having twisted tape inserts. At very large tape pitch, 
the flow is similar to that in semi-circular tubes. 

FORMULATION OF PROBLEM 

The flow is assumed to be hydrodynamically fully devel- 
oped and thermally developing so as to represent the 
behavior of fluids with high Prandtl number. Physical 
properties of the fluid are considered to be constant so that 
effects of free convection and temperature-dependent vis- 
cosity are neglected. When viscous dissipation is neglected, 
the governing differential equations can be written in dimen- 
sionless forms as follows: 

Momentum equation: 

v2w = c (1) 

Energy equation : 

*Present address: General Electric Company, San Jose, 
CA 95125, U.S.A. 

where the dimensionless parameters are defined as follows: 

Two different thermal boundary conditions are considered: 
Case 1. Axially uniform heat flux and uniform wall tem- 

perature around the entire semi-circular tube at each 
axial location, 

Case 2. Axially uniform heat flux and uniform wall tem- 
perature around the semi-circular portion and an 
insulated wall at the flat portion. 

These two boundary conditions represent the limits of the 
fin effect of twisted tapes. The contrast C1 in equation (2) 
thus becomes 

c, = 2(n + 2)/n for Case I 

Cl =2 for Case 2. 

The boundary conditions for equations (1) and (2) are 

w = 0 at the wall for both cases 

4 = & for Case 1 

- = 0 at 0 = 0 and K, r # I, for Case 2. 
?O 

NUMERICAL SOLUTION 

Equation (I), Poisson’s equation, was solved by the 
successive over-relaxation method. Equation (2) a parabolic 
equation, was solved by the explicit and stable DuFort- 
Frankel method. 

Equation (2) was written in finite-difference form using 
non-equal axial step sizes, finer near the entrance, and equal 
radial and circumferential step sizes (20 x 20). The tube wall 
temperature was obtained from the boundary condition and 
the fluid temperature gradient at the wall. The Nusselt 
number was taken as the average of values obtained by 
(a) using the heat-transfer coefficient based on average wall 
temperature and (b) relating the heat input to the enthalpy 
rise of the fluid. Stable computational behavior was observed 
throughout. Details ofthe numerical solution procedures are 
given in [6]. 

The present numerical solution for the velocity distri- 
bution agrees exactly with the closed form analytical solution 
given in [3]. In accordance with the assumptions made in 
this analysis, these velocity profiles are valid throughout the 
entrance region for both thermal boundary conditions. 

Figure I shows the temperature distribution for Case 1 
at 0 = n/2 for various axial locations. At the entrance of 
the duct the fluid temperature is quite uniform. Since the 
wall temperature is assumed circumferentially uniform, the 
fluid temperature is parabolic further downstream. This 
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z= 

I 0 162x10-' 
2 o4o4x1o-2 
3 0~101 xio-' 
4 0 325x10-' 
5 0.193 

03 

FIG. I. Temperature profile development along the tube 
for Case I. 

z= 

5 I 0-162x 10-z 
2 0~404x10-~ 
3. o-101 x10-1 
4 0.325 xI0“ 
5 0,824 x10-' 
6 0193 

FIG. 2. Temperature profile development along the tube 
for Case 2. 

FIG. 3. Nusselt number in thermal entrance of 
semi-circular and circular tubes. 

developing process is similar to thermally developing flow 
in circular tubes. 

The temperature development in the entrance region at 
0 = n/2 is demonstrated in Fig. 2 for the case of an insulated 
w’all at the straight section of a semi-circular duct (Case 2). 

The temperature gradients at r = 0 are 7cro for no heat 
transfer across the wall. Once again, the temperature profiles 
are more uniform at the tube entrance than further 
downstream. 

The final heat-transfer results are presented in Fig. 3. As 
for circular tubes, the Nusselt numbers in the entrance region 
are well above the asymptotic values. Heat-transfer co- 
efficients for both cases are nearly identical at the tube inlet. 
Somewhere downstream, the Nusselt numbers for Case I 
become higher than the Nusselt numbers for Case 2; this 
is due to the larger heat-transfer area of Case 1. An interesting 
comparison of the present solutions with the heat-transfer 
results given in [6] for circular tubes is also illustrated in 
Fig. 3. It is seen that the Nusselt numbers for semi-circular 
tubes are higher than those for circular tubes. 

The asymptotic values, Nu, , are in good agreement with 
results reported in the literature, after those results are con- 
verted to a similar basis (similar definitions of heat-transfer 
coefficient and diameter).* The comparison is given in the 
following table: 

Present solution 
Sparrow and Haji-Sheikh [3] 
Date [ 51 

Case 1 Case 2 
6.124 5.172 
6.692 
6.599 5,188 

The present analytical solution for semi-circular tubes will 
be utilized as a theoretical basis for experimental investi- 
gation of heat transfer augmentation by means of twisted 
tape inserts in circular tubes. 
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*The results given in [5] are in error by a factor of 2.0 [7]. 
The numbers given here incorporate this correction. 


